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A FOX-MILNOR THEOREM FOR KNOTS IN A THICKENED
SURFACE
JAMES KREINBIHL
Abstract. A knot in a thickened surface K is a smooth embedding K :
S1 → Σ × [0, 1], where Σ is a closed, connected, orientable surface. There
is a bijective correspondence between knots in S2 × [0, 1] and knots in S3,
so one can view the study of knots in thickened surfaces as an extension of
classical knot theory. An immediate question is if other classical definitions,
concepts, and results extend or generalize to the study of knots in a thickened
surface. One such famous result is the Fox Milnor Theorem, which relates the
Alexander polynomials of concordant knots. We prove a Fox Milnor Theorem
for concordant knots in a thickened surface by using Milnor torsion.
1. Introduction
A knot in a thickened surface K is a smooth embedding K : S1 → Σ× I where
Σ is a closed, connected, orientable surface. An example, called the virtual trefoil,
is depicted below. Two knots in a thickened surface K0,K1 are equivalent if there
Figure 1. A diagram of the virtual trefoil
exists an orientation-preserving diffeomorphism
f : (Σ× I,Σ× {0})→ (Σ× I,Σ× {0})
such that f ◦ K0 = K1. A knot in a thickened surface is trivial if it bounds a
smoothly embedded disk in Σ × I. It is important to note that this definition
does not allow for stablization or destabilization, the addition or reduction of genus
to the surface Σ. There is a bijective correspondence between knots in S2 × I
and knots in S3, so we can interpret the study of knots in a thickened surface
as a generalization of classical knot theory. As such, one hopes that many of the
operations and results of classical knot theory can be extended to the study of knots
in a thickened surface. One such famous result is the Fox-Milnor Theorem which
relates the Alexander polynomials of concordant knots.
2010 Mathematics Subject Classification. Primary 57M25; Secondary 57M27.
Key words and phrases. Knots in a thickened surface, concordance, Alexander Polynomial, Fox-
Milnor Theorem.
1
ar
X
iv
:1
90
5.
03
59
5v
1 
 [m
ath
.G
T]
  9
 M
ay
 20
19
2 JAMES KREINBIHL
The goal of this paper is to prove a Fox Milnor Theorem for concordant knots in a
thickened surface. First we summarize and reinterpret a definition of an Alexander
polynomial of a knot in a thickened surface, proposed by Carter, Silver and Williams
in [3]. This discussion leads to a slightly altered definition of an Alexander polyno-
mial. Then, we provide a definition of concordance of knots in a thickened surface
which is more restrictive than the definition of virtual concordance proposed in
previous work [2, 22]. The proof of our main result follows a strategy similar to
the proof of the Fox Milnor Theorem. Thus, we investigate the concordance com-
plement and its boundary. We then relate the Alexander polynomial of a knot in a
thickened surface to the Milnor torsion of a certain pair of spaces. Lastly, we prove
our Fox Milnor Theorem by using results about Milnor torsion [23] and a duality
theorem for Milnor torsion.
2. An Alexander Polynomial for Knots in a Thickened Surface
In [3], Carter, Silver, and Williams propose a definition for an Alexander poly-
nomial of a knot in a thickened surface. We briefly outline their construction. Let
Σ be a closed, connected, orientable surface with g (Σ) ≥ 1 and let Γ = pi1 (Σ).
The covering space of Σ corresponding to the trivial subgroup of Γ is the universal
cover of Σ, which we denote p : Σ˜→ Σ. The group of deck transformations of Σ˜ is
isomorphic to Γ. Since p : Σ˜→ Σ and id : I → I are both covering maps, it follows
that the product map p× id : Σ˜×I → Σ×I is also a covering map. We will use the
symbol p to refer to this product covering map. A deck transformation h : Σ˜→ Σ˜
can be extended to a deck transformation h × id : Σ˜ × I → Σ˜ × I. Conversely, a
deck transformation f : Σ˜× I → Σ˜× I can be restricted to a deck transformation
f : Σ˜ → Σ˜. Since the map pi1 (Σ) → pi1 (Σ× I) induced by inclusion is an iso-
morphism, it follows that the group of deck transformations of Σ× I is isomorphic
to Γ. Let K be a knot in the thickened surface Σ × I and let K˜ = p−1(K). Let
X = Σ×I\K denote the knot complement and let X˜ = Σ˜×I\K˜. Since X is a sub-
space of Σ× I and p−1 (X) = X˜, it follows that the restriction of p : Σ˜× I → Σ× I
to p : X˜ → X is a covering map. A deck transformation h : Σ˜× I → Σ˜× I can be
restricted to deck transformation h : X˜ → X˜. Thus, the group of deck transforma-
tions of X˜ is still isomorphic to Γ. The covering group of the knot is piK = pi1
(
X˜
)
.
In this discussion, we choose and fix a base point in Σ˜ × {1} ⊂ X˜. The covering
group is a knot invariant. If K1 and K2 are equivalent knots in a thickened surface
Σ× I,then there exists a homeomorphism f : (Σ× I,Σ {0})→ (Σ× I,Σ {0}) such
that f ◦K1 = K2. The map f lifts to
Σ˜× I
p

f˜
// Σ˜× I
p

Σ× I f // Σ× I
Note that
f˜
(
K˜1
)
= f˜
(
p−1(K1)
)
= p−1 (f(K1)) = p−1(K2) = K˜2.
Therefore, f˜ restricts to a homeomorphism f˜ : X˜1 → X˜2, where X˜i = Σ˜× I\K˜i for
i = 1, 2. This homeomorphism induces an isomorphism of the covering groups. In
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their paper, Carter, Silver, and Williams state that one can compute a presentation
of the covering group piK = pi1
(
X˜
)
using Wirtinger’s Algorithm and that the
generators of this presentation are meridians of the lift of knot in Σ˜× I.
Before discussing the Carter, Silver, Williams definition of an Alexander polyno-
mial, we recall the definition of the classical Alexander polynomial. Let K be a knot
in S3 and let X = S3−K. The Alexander module of the knot is H1(X;Z[H1(X)])
and the Alexander polynomial of the knot is the order of the Alexander module. We
now demonstrate an equivalent definition of the Alexander module and Alexander
polynomial. Consider the abelianization homomorphism
ϕ : pi1(X)→ H1(X) ∼= 〈t〉.
The covering space p : X˜ → X corresponding to Kerϕ = [pi1(X), pi1(X)] = pi1(X)(1)
of pi1(X) is the infinite cyclic cover of the knot complement. Note that the Alexan-
der module H1(X;Z[H1(X)]) and H1
(
X˜;Z
)
are isomorphic as abelian groups.
The covering map p induces an isomorphism pi1
(
X˜
) ∼= p∗ (pi1 (X˜)) = Kerϕ =
pi1(X)
(1). Let pi1(X)
(2) denote
[
pi1(X)
(1), pi1(X)
(1)
]
. Then,
pi1(X)(1)
pi1(X)(2)
pi1(X˜)
pi1(X˜)
(1) H1
(
X˜;Z
)
ψ
the homomorphism ψ is an isomorphism of abelian groups. The isomorphism ψ can
be made into a Z[t, t−1]-module isomorphism. Thus, we can think of the Alexander
module of a knot as
Kerϕ
[Kerϕ,Kerϕ]
with the Z[t, t1−]-module structure and the
Alexander polynomial as the order of this module.
We now return to the case of a knot in a thickened surface. The definition of
the Alexander polynomial proposed by Carter, Silver, and Williams resembles the
second equivalent definition of classical Alexander polynomial. Define  : piK →
Z = 〈t〉 to be the homomorphism mapping every meridian of the lift of K to t. Let
M = Ker [Ker ,Ker ] denote the abelianization of Ker . The abelian group M can be
given a Z[Z × Γ]-module structure. We want to associate a Noetherian module to
each knot so that we may compute elementary ideals of the module. Thus, define
M = MM0 where M0 be the submodule of M generated by all elements of the form
mγ −mη where m ∈M and γ, η ∈ Γ such that γη−1 ∈ [Γ,Γ]. One may consider M
as an Alexander module of the knot. The Alexander polynomial is defined to be
∆0(M) which is an element of the ring Z
[
Z× Γ[Γ,Γ]
]
.
This algebraic definition of the Alexander module can be described equivalently
using homology with local coefficients. Consider the homomorphism  : pi1
(
X˜
)
→
Z = 〈t〉 defined previously. There is a covering space p′ : X˜ ′ → X˜ corresponding
to the subgroup Ker  ≤ pi1
(
X˜
)
such that pi1
(
X˜ ′
) ∼= p′∗ (pi1 (X˜ ′)) = Ker .
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Therefore,
H1
(
X˜ ′;Z
) ∼= pi1
(
X˜ ′
)
[
pi1
(
X˜ ′
)
, pi1
(
X˜ ′
)]
∼=
p′∗
(
pi1
(
X˜ ′
))
[
p′∗
(
pi1
(
X˜ ′
))
, p′∗
(
pi1
(
X˜ ′
))]
=
Ker 
[Ker ,Ker ]
= M.
The group H1
(
X˜ ′;Z
)
has a Z[Z × Γ]-module structure. The covering space X˜ ′
is equivalent to the covering space of X which corresponds to the kernel of the
homomorphism φ : pi1(X)→ Z× Γ. The spaces X, X˜ and X˜ ′ are related as below.
X˜ ′ X˜ X
p′ p
q
Therefore, H1
(
X˜ ′;Z
)
= H1 (X;Z[Z× Γ]) has a Z[Z × Γ]-module structure with
coefficient system defined by φ : pi1(X) → Z × Γ. In order to have a Noetherian
module over the ring Z
[
Z× Γ[Γ,Γ]
]
, we previously considered a quotient module.
We can interpret this quotient as a tensor product by using the following result.
Lemma 2.1. Let G be a group. If M is a right ZG-module and H E G, then
M ⊗ZG Z[GH ] ∼= MM0 where M0 is the submodule generated by elements of the form
xr − xs for all x ∈M and r−1s ∈ H.
Therefore, the Alexander module, as defined by Carter, Silver, and Williams can
equivalently be defined as
M
M0
∼= H1 (X;Z [Z× Γ])⊗Z[Z×Γ] Z
[
Z× Γ
[Γ,Γ]
]
.
Unfortunately, this definition suffers from a base point issue [19]. Recall that a base
point in Σ˜× {1} ⊂ X˜ is chosen. But, in their use of Fox calculus computations to
compute a presentation matrix of the Alexander module, all 1-chains are treated
as 1-cycles. Thus, their computations produce the order of the module
H1
(
X˜ ′, p′−1(w);Z
)
where w is a fixed base point in X˜ [19]. Clearly, the intention of this definition is
to treat X˜, in particular Σ˜ × {1} ⊂ X˜, as a connected space with a single 0-cell
and to then consider the homology of the infinite cyclic cover of X˜ as a Z[Z × Γ]-
module. However, in doing so, the action of Γ on the Alexander module becomes
undefined. In order to have an action of Γ, one must maintain the cell structure
that is lifted from the base space X = Σ× I\K. That is, in order to have Γ act by
deck transformations on X˜ = Σ˜× I\K˜, one must use the cell structure of X˜ which
has a 0-cell for each element of the group Γ. With these considerations in mind, we
propose the following definition.
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Definition 2.2. Let K be a knot in a thickened surface Σ×I and let X = Σ×I\K.
The Alexander module of the knot in a thickened surface K isH1 (X,Σ× {0} ;Z [H1(X)]).
In [3], it is shown that H1(X) ∼= Z × Γ[Γ,Γ] , so this is still a Z
[
Z× Γ[Γ,Γ]
]
-module.
Recall that if two knots K0,K1 in a thickened surface Σ × I are equivalent, then
there exists a homeomorphism
f : (Σ× I,Σ× {0})→ (Σ× I,Σ× {0})
such that f ◦K0 = K1. Therefore, f restricts to a homeomorphism
f : (X0,Σ× {0})→ (X1,Σ× {0})
where Xi = Σ × I\Ki for i = 0, 1. This homeomorphism induces an isomorphism
of the Alexander modules. Since the Alexander module defined above is a knot
invariant, we now define an Alexander polynomial of a knot in a thickened surface.
Definition 2.3. Let K be a knot in a thickened surface Σ×I and let X = Σ×I\K.
The Alexander polynomial of the knot in a thickened surface K is
∆(K) = ∆0 (H1 (X,Σ× {0} ;Z [H1(X)])) .
While this definition of the Alexander polynomial ultimately differs from that of
Carter, Silver, and Williams in [3], it is the polynomial that they compute in their
paper. Furthermore, the Alexander module we define is still the homology of X˜ ′,
the infinite cyclic cover of X˜. That is, we will show that
H1(X,Σ×{0} ;Z[Z×Γ])⊗Z[Z×Γ]Z
[
Z× Γ
[Γ,Γ]
]
∼= H1
(
X,Σ× {0} ;Z
[
Z× Γ
[Γ,Γ]
])
.
We make use of the following result in our proof.
Theorem 2.4. [12] Let R be a ring, A∗ be a positive complex of flat right R-
modules, and let C∗ be a positive complex of left R-modules. Then,
E2p,q = ⊕s+t=qTorRp (Hs(A∗), Ht(C∗))⇒ Hp+q(A∗ ⊗R C∗).
For our purposes, R = Z[Z× Γ], A∗ = C∗(X,Σ× {0} ;Z[Z× Γ]), and
C∗ = . . .→ 0→ 0→ Z
[
Z× Γ
[Γ,Γ]
]
→ 0.
Thus, A∗ ⊗R C∗ = C∗
(
X,Σ× {0} ;Z
[
Z× Γ[Γ,Γ]
])
. Observe that
E2p,q = Tor
Z[Z×Γ]
p
(
Hq(X,Σ× {0} ;Z[Z× Γ]),Z
[
Z× Γ
[Γ,Γ]
])
since Hi(C∗) ∼= 0 for i ≥ 1. For k large enough,
H1
(
X,Σ× {0} ;Z
[
Z× Γ
[Γ,Γ]
])
∼= Ek1,0 ⊕ Ek0,1.
The differential is given by dr : Erp,q → Erp−r,q+r−1 and
Er+1p,q =
Ker dr : Erp,q → Erp−r,q+r−1
Im dr : Erp+q,q−r+1 → Erp,q
.
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Since H0 (X,Σ× {0} ;Z [Z× Γ]) ∼= 0, it follows that Ek1,0 ∼= 0 for all k ≥ 2. Note
that E20,1 = H1(X,Σ× {0} ;Z[Z× Γ])⊗Z[Z×Γ] Z
[
Z× Γ[Γ,Γ]
]
and
E30,1 =
Ker(E20,1 → E2−2,2 = 0)
Im (E21,0 = 0→ E20,1)
∼= E
2
0,1
{0}
∼= E20,1.
Consequently, the sequence stabilizes. That is, for all k ≥ 2, Ek0,1 ∼= E20,1. Therefore,
H1
(
X,Σ× {0} ;Z
[
Z× Γ
[Γ,Γ]
])
∼= H1(X,Σ×{0} ;Z[Z×Γ])⊗Z[Z×Γ]Z
[
Z× Γ
[Γ,Γ]
]
.
3. Concordance of Knots in a Thickened Surface
Previous work [2, 22] has defined (virtual) concordance of knots in a thickened
surface. In this paper, we use a more restrictive notion of concordance.
Definition 3.1. Let K0,K1 be knots in a thickened surface Σ×I. We say that the
two knots K0 and K1 are smoothly concordant if there exists a smooth embedding
f : S1 × I → Σ× I × I such that
f
(
S1 × {0}) = K0 × {0} ⊂ Σ× I × {0}
and
f
(
S1 × {1}) = K1 × {1} ⊂ Σ× I × {1}
That is, K0 and K1 cobound a smoothly embedded cylinder in Σ× I × I. If K is
concordant to the unknot, we call K a slice knot.
The proof of the Fox-Milnor Theorem investigates the slice disk complement,
as well as the knot complement. The proof of our result will follow a similar
strategy, so we prove some preliminary results regarding the knot complement and
the concordance complement.
3.1. The Knot Complement. In order to work with the Alexander polynomial
we define, we need to understand the homology of the knot complement.
Lemma 3.2. Let K be a knot in a thickened surface Σ × I, where g = genus(Σ).
Then,
Hi (Σ× I\K) ∼=

Z : i = 0
〈t〉 ⊕ Z2g : i = 1
Z2 : i = 2
0 : i > 2
where t represents a meridian of the knot.
This can be proven using the Mayer Vietoris exact sequence where U = N(K) is a
tubular neighborhood of K in Σ× I, V = Σ× I − Int(N(K)), and U ∪ V = Σ× I.
One important point in the proof of 3.2 is that there is a canonical isomorphism
H1(Σ× I\K) ∼= Z⊕H1(Σ× I). From the Mayer Vietoris exact sequence, we have
H1 (∂N(K))→ H1 (N(K))⊕H1 (Σ× I\intN(K))→ H1 (Σ× I)→ H0 (∂N(K))
which gives rise to the short exact sequence
0 −→ Z n 7→n·[µK ]−−−−−−→ H1(Σ× I\K) −→ H1(Σ× I) −→ Z
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where µK is a meridian of the knot. Since H1(Σ × I) is a free abelian group, this
short exact sequence splits. Moreover, there is a canonical splitting given by the
map
H1(Σ× I)
∼=←− H1(Σ× {0}) −→ H1(Σ× I\K)
which means that there is a canonical isomorphism H1(Σ× I\K) ∼= Z⊕H1(Σ× I).
This will be of importance when we compare the Alexander polynomials of knots
in a thickened surface.
Given our definition of the Alexander module, we will also need to understand the
homology of the pair (Σ× I\K,Σ× {0}).
Lemma 3.3. Let K be a knot in a thickened surface Σ× I. Then,
Hi(Σ× I\K,Σ× {0}) =
{
Z : i = 1, 2
0 : i 6= 1, 2
This result can be proven by using the long exact sequence in homology of the pair.
3.2. The Concordance Complement. The proof of our main result will require
us to understand the complement of the concordance. We will compute its homology
and determine its boundary. Let C denote the image of the concordance f and let
N(C) be a neighborhood of the cylinder in Σ× I × I.
Lemma 3.4. Let K0,K1 be concordant knots in a thickened surface Σ× I and let
C be the cylinder in Σ× I × I cobounded by the knots. Then
Hi(Σ× I × I\N(C)) =

Z : i = 0
Z⊕ Z2g : i = 1
Z2 : i = 2
0 : i > 2
where N(C) is a neighborhood of C in Σ× I × I and g = genus(Σ).
This result can be proven using the Mayer Vietoris exact sequence, where U =
Σ× I × I\N(C), V = N(C), and Σ × I × I = U ∪ V . We also need to know the
homology of the pair (Σ× I × I\N(C),Σ× {0} × {0}).
Lemma 3.5. Let K0,K1 be concordant knots in a thickened surface Σ× I and let
C be the cylinder in Σ× I × I cobounded by the knots. Then
Hi(Σ× I × I\N(C),Σ× {0} × {0}) =
{
Z : i = 1, 2
0 : i 6= 1, 2
where N(C) is a neighborhood of C in Σ× I × I and g = genus(Σ).
This result can be proven using the long exact sequence of the pair.
The proof of the Fox-Milnor Theorem showed that the boundary of the slice disk
complement is the 0-surgery of S3 along the knot. Then, the Milnor Torsion of this
pair was related to the Milnor Torsion of the knot complement. In particular, it
was necessary to demonstrate the 0-surgery of S3 along the knot K did not change
the Alexander module in such a way that the Alexander polynomial is changed.
We will be following a similar strategy, so we will prove analogous results for knots
in a thickened surface.
First, we investigate the boundary of the concordance complement. Let M =
Σ× I × I\N(C). Then,
∂M = (∂ (Σ× I × I)− Int (N(C) ∩ ∂ (Σ× I × I))) ∪ (∂N(C) ∩ Int (Σ× I × I)) .
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A schematic of the concordance complemented is depicted in Figure 2.
Figure 2. Schematic of concordance complement
Write ∂M = A ∪h B where
A = ∂ (Σ× I × I)− Int (N(C) ∩ ∂ (Σ× I × I))
and
B = ∂N(C) ∩ Int (Σ× I × I) = S1 × I × ∂I2.
Observe that,
∂ (Σ× I × I) = Σ× I × {0} unionsq Σ× I × {1} unionsq Σ× {0} × I unionsq Σ× {1} × I
and
Int (N(C) ∩ ∂ (Σ× I × I)) = N(K0) unionsqN(K1)
Therefore,
A = X0 × {0} unionsqX1 × {1} unionsq Σ× {0} × I unionsq Σ× {1} × I
where X0 = Σ×I\N(K0) and X1 = Σ×I×\N(K1). The spaces A and B are glued
together as follows. The longitude of S1×{0}× ∂I2 is glued along the meridian of
∂N(K0) and the longitude of S
1×{1}×∂I2 is glued along the meridian of ∂N(K1).
Re-write ∂M = M0 ∪M1 where
M0 = X0 × {0} ∪h S1 × {0} × ∂I2
and
M1 = X1 × {1} ∪h S1 × I × ∂I2 ∪ Σ× {0} × I ∪ Σ× {1} × I.
The subspaces X0 × {0} ∪h S1 × {0} × ∂I2 and X1 × {1} ∪h S1 × {1} × ∂I2 are
surgery on Σ×I along the knots K0 and K1. In order to have a coherent coefficient
system for the triple (M,M0, X0 × {0}), we need to verify that the surgery of Σ×I
along the knot has the same homology group as both the concordance complement
and the knot complement.
Lemma 3.6. Let K be a knot in thickened surface Σ×I and let X = Σ×I\N(K).
Let
X ′ = X ∪h S1 × S1
where h : S1×S1 → ∂N(K) is the homeomorphism sending the longitude of S1×S1
to the meridian on ∂N(K). Then, Hi(X
′) ∼= Hi(X) for all i ≥ 0.
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Proof. Note that
X − Int(X) = Σ× {0} unionsq Σ× {1} unionsq ∂N(K)
and
X ′ − Int(X) = Σ× {0} unionsq Σ× {1} unionsq Z
where Z = ∂N(K) ∪h S1 × S1. By Excision,
Hi(X
′, X) ∼= Hi(Σ× {0} unionsq Σ× {1} unionsq Z,Σ× {0} unionsq Σ× {1} unionsq ∂N(K))
In the long exact sequence of the pair
(Σ× {0} unionsq Σ× {1} unionsq Z,Σ× {0} unionsq Σ× {1} unionsq ∂N(K))
the homomorphism
Hi (Σ× {0} unionsq Σ× {1} unionsq ∂N(K))→ Hi (Σ× {0} unionsq Σ× {1} unionsq Z)
is an isomorphism. Therefore,
Hi(Σ× {0} unionsq Σ× {1} unionsq Z,Σ× {0} unionsq Σ× {1} unionsq ∂N(K)) ∼= 0.
and thus Hi(X
′, X) ∼= 0. This implies that the homomorphism
Hi(X)→ Hi(X ′)
from the long exact sequence of the pair (X ′, X) is an isomorphism. 
4. A Fox-Milnor Theorem for Knots in a Thickened Surface
In this section, we will state and prove a Fox Milnor Theorem for knots in a
thickened surface. First, we state our main result.
Theorem 4.1. Let K0,K1 be concordant knots in a thickened surface Σ× I. Then
∆ (K0) = αα∆ (K1)
where α is an element of the field of fractions of Z[Z⊕H1(Σ)].
We will prove this result by first showing that ∆(K) is the Alexander function of
the pair (X,Σ× {0}). The Alexander function of the pair (X,Σ× {0}) is the same
as the Milnor torsion of the pair (X,Σ× {0}) [23], so we will then use results about
Milnor torsion to prove our main result.
The Alexander function of a pair (X,Y ) is an element of the field of fractions of
Z[H1(X)] defined as
A(X,Y ) =
m∏
i=0
[∆0 (Hi(X,Y ;Z[H1(X)]))](−1)
i+1
.
We demonstrate that A (X,Σ× {0}) = ∆(K) where K is a knot in a thickened
surface and X = Σ× I −K. First, note that
Hi (X,Σ× {0} ;Z [H1(X)]) ∼= 0
for i 6= 1, 2 since X is connected and we can collapse all 3-cells to the boundary.
Thus,
A (X,Σ× {0}) = ∆0 (H1 (X,Σ× {0} ;Z [H1(X)]))·∆0 (H2 (X,Σ× {0} ;Z [H1(X)]))−1 .
The matrix representing the boundary map
C2 (X,Σ× {0} ;Z [H1(X)]) ∂2→ C1 (X,Σ× {0} ;Z [H1(X)])
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is a presentation matrix for H1 (X,Σ× {0} ;Z [H1(X)]). If ∂2 is not injective, then
rank H2 (X,Σ× {0} ;Z [H1(X)]) 6= 0 and therefore ∆0 (H2 (X,Σ× {0} ;Z [H1(X)])) =
0. Consequently, A (X,Σ× {0}) = 0. But,
χ (X,Σ× {0}) = 0 = rank H2 (X,Σ× {0} ;Z [H1(X)])− rank H1 (X,Σ× {0} ;Z [H1(X)]) .
Thus,
rank H2 (X,Σ× {0} ;Z [H1(X)]) = rank H1 (X,Σ× {0} ;Z [H1(X)])
Thus, in the case that rank H2 (X,Σ× {0} ;Z [H1(X)]) 6= 0, it follows that
rank H1 (X,Σ× {0} ;Z [H1(X)]) 6= 0.
Therefore,
A (X,Σ× {0}) = 0 = ∆(K)
If ∂2 is injective, then
H2 (X,Σ× {0} ;Z [H1(X)]) ∼= 0
which implies that
∆0 (H2 (X,Σ× {0} ;Z [H1(X)])) = 1
Hence,
A (X,Σ× {0}) = ∆0 (H1 (X,Σ× {0} ;Z [H1(X)])) = ∆(K).
The proof of the classical Fox-Milnor Theorem uses results relating the Milnor
torsion of the triple consisting of the slice disk complement, the 0-surgery of S3
along the knot, and the knot complement. We will follow a similar strategy by
first stating and proving some preliminary results which will relate the torsion of
the spaces in the triple which includes the concordance complement, the surgery of
Σ× I along the knot, and the knot complement. First we establish the following.
Lemma 4.2. Let K be a knot in thickened surface Σ×I and let X = Σ×I\N(K).
Let
X ′ = X ∪h S1 × S1
where h : S1×S1 → ∂N(K) is the homeomorphism sending the longitude of S1×S1
to the meridian on ∂N(K). Then, A(X,Σ×{0}) = A(X ′,Σ×{0}). Note that this
also implies that τ(X,Σ× {0}) = τ(X ′,Σ× {0}).
Proof. By the same excision argument as in Lemma 3.6, except with coefficients in
Z[H1(X ′)], we have that H1(X ′, X;Z[H1(X ′)]) ∼= 0. This implies that the homo-
morphism
Hi(X,Σ× {0} ;Z[H1(X)])
∼=→ Hi(X ′,Σ× {0} ;Z[H1(X)])
from the lonq exact sequence of the triple (X ′, X,Σ × {0}) is an isomorphism for
all i ≥ 0. Consequently,
∆0Hi(X,Σ× {0} ;Z[H1(X ′)]) = ∆0Hi(X ′,Σ× {0} ;Z[H1(X ′)])
for all i ≥ 0. Therefore
A(X,Σ× {0}) = A(X ′,Σ× {0}).

We will need some results about Milnor torsion. The first provides a relation
between the Milnor torsion of pairs of spaces that come from a triple.
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Lemma 4.3. [23] Suppose Z ⊂ Y ⊂ X is a triple of topological spaces. Let
φ : Z[H1(X)] → R be a ring homomorphism and let ψ : Z[H1(Y )] → Z[H1(X)] be
the homomorphism induced by inclusion. If τφ(X,Y ) 6= 0 or τφ◦ψ(Y,Z) 6= 0, then
τφ(X,Z) = τφ(X,Y )τφ◦ψ(Y,Z).
The next result is a duality theorem for Milnor torsion.
Theorem 4.4. Let W be an n-manifold such that ∂W = M1∪M2 and M1∩M2 =
∂M1 = ∂M2. Then,
τ(W,M1) = τ(W,M2)
(−1)n+1
.
Note that we follow the convention set in [23]; we let τ(X,Y ) denote τϕ(X,Y )
where ϕ : Z[H1(X)]→ Z[G] and G = H1(X)/TorsH1(X). The proof of this result
is very similar to the proofs of other duality results (see [8, 4]).
We are now ready to prove the main result. Suppose K0 and K1 are concordant
knots and letX0 = Σ×I−N(K0) andX1 = Σ×I−N(K1). LetM = Σ×I×I−N(C)
be the complement of the concordance between K0 and K1. Write ∂M = M0 ∪M1
as in the previous section. Then, by 4.2,
∆(K0) = A (X0 × {0} ,Σ× {0} × {0}) = A (M0,Σ× {0} × {0})
and thus
∆(K0) = τ (M0,Σ× {0} × {0}) .
We will apply 4.3 to the triple
(M,M0,Σ× {0} × {0}) ,
so first we will verify that τ(M,M0) 6= 0. By [5], it suffices to show the following.
Consider a pair of CW-complexes (X,Y ). Let ϕ : pi1(X) → H where H is a
free abelian group. If H∗(X,Y ) = 0, then H∗(X,Y ;Q(H)) = 0, where Q(H)
is the quotient field of Z[H]. This implies that τϕ(X,Y ) 6= 0. Thus, we will
establish that H∗(M,M0) = 0. Consider the long exact sequence in homology of
the pair (M,M0). Since H∗(M0)
∼=−→ H∗(M) is an isomorphism, it follows that
H∗(M,M0) = 0. Applying 4.3 to the triple
(M,M0,Σ× {0} × {0})
we have,
∆(K0) = τ (M0,Σ× {0} × {0}) = τ (M,M0)−1 τ (M,Σ× {0} × {0}) .
Since Milnor torsion is invariant under homotopy equivalence,
τ (M,Σ× {0} × {0}) = τ (M,Σ× {0} × {I}) = τ (M,Σ× {0} × {1})
and consequently
∆(K0) = τ (M,M0)
−1
τ (M,Σ× {0} × {1}) .
The same argument as above shows that we can apply 4.3 to the triple
(M,M1,Σ× {0} × {1}) .
Therefore, we have
∆(K0) = τ (M,M0)
−1
τ (M,Σ× {0} × {1}) = τ (M,M0)−1 τ (M,M1) τ (M1,Σ× {0} × {1}) .
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By 4.4,
∆(K0) = τ (M,M0)
−1
τ (M,M1) τ (M1,Σ× {0} × {1})
= τ (M,M0)
−1
τ (M,M0)
−1
τ (M1,Σ× {0} × {1}) .
Note that
M1 = X1 × {1} ∪h S1 × I × ∂I2 ∪ Σ× {0} × I ∪ Σ× {1} × I
' X1 × {1} ∪h S1 × I × ∂I2 ∪ Σ× {0} × {1} ∪ Σ× {1} × {1}
= X1 × {1} ∪h S1 × I × ∂I2
= X ′1 × {1}
where X ′1 is the surgery of Σ× I along the knot K1. Thus,
∆(K0) = τ (M,M0)
−1
τ (M,M0)
−1
τ (M1,Σ× {0} × {1})
= τ (M,M0)
−1
τ (M,M0)
−1
τ (X ′1 × {1} ,Σ× {0} × {1}) .
By 4.2,
∆(K0) = τ (M,M0)
−1
τ (M,M0)
−1
τ (X ′1 × {1} ,Σ× {0} × {1})
= τ (M,M0)
−1
τ (M,M0)
−1
τ (X1 × {1} ,Σ× {0} × {1}) .
Lastly,
∆(K0) = τ (M,M0)
−1
τ (M,M0)
−1
τ (X1 × {1} ,Σ× {0} × {1})
= ααA (X1,Σ× {0})
= αα∆(K1)
where α = τ (M,M0)
−1
.
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